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ABSTRACT: Monte Carlo methods are used to calculate the mean squared radius of gyration, ( R,2), potential
of mean force, U(r), and second osmotic virial coefficient, By, of polymer chains. Two models of polymers
as off-lattice chains of tangent hard spheres are used. In the first, the beads of the chains are simply hard
spheres (the athermal case). In the second, the beads of the chains are allowed to interact with nonadjacent
beads on the same chain and with beads on a different chain via a square-well potential. In both models,
conformations of chains with 50, 100, 200, and 500 segments were generated. In the square-well model,
square-well potentials ¢ = <0.15k T, —0.3k T, and ~0.45&T were used. Examination of the radius of gyration
of single chains shows a 8-point (defined to be the temperature at which (R,?) depends linearly on the chain
length) at eg = ~0.32kT. The radius of gyration of two interacting chains shows that as the chains are brought
close together, they become compressed along the axis between their centers of mass and expanded perpendicular
to this axis. The potential of mean force, U(r), between two polymer chains is calculated as a function of
the separation between the chains’ centers of mass and is found to decrease as chain length increases. This
is in contrast to the Flory~Krigbaum theory but is in agreement with previous findings of Grosberg et al. For
chains of different lengths, U(r) decreases as the difference between the lengths of the chains increases. Near
the ©-point, the U(r) curves tend to be indistinguishable for all chain lengths. The second osmotic virial
coefficient is calculated from the potential of mean force. Scaling analysis on the second osmotic virial
coefficient for athermal chains gives a scaling exponent of ¥ = 0.272 £ 0.005, in agreement with the findings
of Yethirajet al. The ©-point (defined here as the point where B, = 0) is found to be at a square-well potential
of eg = —0.32kT. This is the same as the 8-point defined in terms of the radius of gyration and is in agreement
with the results of Wichert and Hall. A correlation for U(r) that fits the simulation data reasonably well is

also presented.

1. Introduction

This paper presents Monte Carlo calculations of the
effective polymer—polymer potential, the second osmotic
virial coefficient, and the radius of gyration for off-lattice
polymer chains. The primary aim of this work isto develop
functional forms for the potential of mean force between
polymer molecules in dilute solution which can then be
used in the development of theories which describe aqueous
two-phase polymer solutions. The motivation for this work
is our long-term goal of developing a theory which describes
the partitioning of proteins between the phases formed
when two different polymers are mixed in aqueous solution.
In developing such a theory, we are immediately faced
with the problem of simultaneously modeling proteins,
which are best treated on the molecular level, and polymers,
which are best treated on the segment level. Our solution
to this problemis to convert the segment-level description
of polymer chains to a molecular-level description by
calculating the effective interaction potential (or potential
of mean force) between two polymer chains. In this paper
we describe our calculation of this effective pair potential
using Monte Carlo methods. A subsequent paper will be
devoted to calculating the effective pair potential between
a polymer chain and a protein molecule.

In the work presented in this paper, we investigate the
radius of gyration, potential of mean force, and second
osmotic virial coefficient of polymer chains in dilute
solution. There have been a number of computer simula-
tion investigations of these three properties; however, most
of these studies have been restricted to lattice chains. A
short review of those studies which are relevant to this
work is presented here.
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The radius of gyration (or, equivalently, the end-to-end
distance) for single lattice chains has been studied by many
groups, most recently by Bishop and Clarke! and by Yuan
and Masters.2 The work of Yuan and Masters is relevant
to our study because it also examines the 6-point, which
can be defined as the temperature at which the radius of
gyration is directly proportional to the chain length. Some
early work by Olaj and Lantschbauer3 examines the radius
of gyration of both on-lattice and off-lattice chains, but
the work is limited to athermal chains. Olaj et al.4® also
examine how the radius of gyration changes as two lattice
chains are brought close together. By looking at how the
components of the radius of gyration parallel and per-
pendicular to the axis between the chains’ centers of mass
change as the chains are brought close together, we gain
insight into how the changing shape of the chains affects
the potential of mean force.

As previously stated, the primary aim of this work is to
develop a functional form for the potential of mean force
between polymer molecules in dilute solution. There have
been relatively few computer simulation studies of the
potential of mean force, U(r) (or, equivalently, the pair
distribution function, G(r) = exp~U"). Olaj and Pelinka®
report G(r) for nonathermal lattice chains. Additionally,
Olaj and Lantschbauer® report G(r) for both on-lattice
and off-lattice athermal chains, but the simulations of off-
lattice chains were never extended to include interactions
between beads of the chains. Grosberg et al.” and Kriiger
et al.8 both present data on G(r) for off-lattice athermal
chains; however, the Kriiger et al. model differs from the
one used in our study in that it uses hard-sphere segments
joined by rigid rods rather than tangent hard spheres,
making the model resemble a lattice chain. The Grosberg
et al. model, however, is the same as ours. We will see that
the G (r) results of Olajand Lantschbauer® and of Grosberg
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et al.” are in agreement with our U(r) results for athermal
off-lattice chains.

Since the studies described above examine only athermal
chains, we cannot use them to check our simulation results
on interacting chains. We can, however, compare our
results on interacting chains to theoretical treatments of
U(r). Since Flory and Krigbaum® first proposed their
theory of dilute polymer solutions, various approaches!®-13
have been taken to refine their equation for U(r). A
common approach is that of Czech and Hall,¢ who added
extra terms to the Flory-Krigbaum equation in order to
correct it for the collapse of polymer chains near the
0-point. We find, however, that equations of this type do
not fit our simulation data very well. Another approach
to solving this problem is that of Olaj et al.5:1516 who have
modeled U(r) near the ©-point by separating the attractive
and repulsive interactions of the chains into two terms.
Although this gives reasonable fits of data near the 6-point,
it does not work very well for athermal chains.

The second osmotic virial coefficient can be calculated
directly from U(r), giving us another way of comparing
our results to those already reported. The second osmotic
virial coefficient and the O-point, defined as the tem-
perature at which the second osmotic virial coefficient is
zero, have been calculated in several studies of lattice
chains,'”%5, including one by Barrett?! which examines
the second osmotic virial coefficient between chains of
different lengths. Of greater relevance to this work,
however, are the off-lattice results of Yethiraj et al.,26 who
examine the scaling of the second osmotic virial coefficient
for long athermal chains, and Wichert and Hall,?” who
examine the second osmotic virial coefficient and 8-point
for chains that have attractive potentials., Both of these
studies use the same model as ours; our results are in good
agreement with these studies. Hopefully, the work
presented in this paper will fill in some of the gaps in this
body of knowledge and will aid in the development of new
theoretical treatments of this problem.

In this paper, two models of a polymer chain are con-
sidered: athermal chains and chains with attractive
potentials. In the athermal chain model, the polymer is
treated as a chain of tangent hard spheres of unit diameter
which are allowed to be in any conformation which does
not result in bead overlap. In the attractive interaction
model, the polymer is treated in the same manner with
the exception that nonadjacent beads on the same chain
and beads on different chains interact via a square-well
potential with well depth ¢ = 0.15kT, -0.3&T, or ~0.45kT
and well width A = 0.5. Single chains are generated using
the pivot algorithm, each Monte Carlo step is a rotation
of one end of the chain about a randomly selected pivot
point to a new position. Pairs of chains generated by this
method are then placed in a box with their centers of mass
atvarious separations. By checking the beads ofthe chains
for overlaps and, in the case of square-well chains, for
beads falling in the attractive well, the potential of mean
force between the chains can be calculated. Inthis manner,
the properties of single chains and pairs of chains can be
examined.

Results from the computer simulations are presented
inthree forms: the radius of gyration, R, of the chain; the
potential of mean force, U(r), between two chains; and the
second osmotic virial coefficient, B. Theradius of gyration
is used to measure the size and shape of the polymer chains.
It is found that as the chains are brought closer together
they become compressed along the axis between their
centers of mass and expanded in directions perpendicular
to this axis. Once the chains penetrate each other, they
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expand in all directions to create space for each other.
The potential of mean force between two chains is
calculated as a function of the distance between the centers
of mass of the two chains. For chains of equal length, the
potential of mean force is found to decrease as the chains
increaseinlength. Thisis contrary tothe Flory-Krighaum
theory® prediction, which says that U(r) increases with
chain length, but is reasonable considering that longer
chains can more easily penetrate each other. The potential
of mean force between chains of different lengths is found
to be lower than the potential of mean force between chains
of the same length. In addition, the potential of mean
force decreases as the difference in the length of the chains
increases. Again, thisisreasonable because a smaller chain
can penetrate a larger chain more easily than it can
penetrate a chain of the same length. A correlation which
fits the simulation data for U(r) reasonably well is also
developed. The second osmotic virial coefficient is
calculated by integrating a function of the potential of
mean force (given later in this paper) over all distances.
The results of these calculations give a 6-point (the point
where B; = 0) at a bead—bead interaction potential eg =
-0.32RT. Another definition of the ©-point for polymer
collapse is when B2 « n (chain length). This is also seen
to occur at e¢g = ~0.32kT. This shows that for off-lattice
chains the two ©-point definitions are equivalent.

Therest of this paper is organized as follows. Insection
2, the Monte Carlo method used to generate single chain
conformations and the procedure used to calculate U(r)
are described in detail. Section 3 presents the results of
the simulations for the radius of gyration, R, the potential
of mean force, U(r), and the second osmotic virial
coefficient, Bs. Section 4 presents a correlation for U(r)
that does a reasonable job of fitting the simulation data.
Section 5 summarizes our findings and what was learned
from the results.

2. Monte Carlo and Computer Methods

The Monte Carlo method described below was used to
simulate polymer chains in dilute solution. First, single
polymer chain conformations were generated using the
pivotalgorithm. Hard-sphere (athermal) chains of length
n = 50, 100, 200, and 500 beads were generated. Square-
well chains of length n = 50, 100, and 200 were generated
for bead—bead interaction potentials ¢ = -0.15k T, -0.3k T,
and —0.45k T, at a single well width A = 0.5, where & is
Boltzmann’s constant and T'is the temperature. (Itshould
be noted here that the solvent molecules, which are
assumed to completely surround the polymer chains, are
not explicitly taken into account with this model. Thus,
the bead-bead interaction potentials, ¢, should be con-
sidered potentials of mean force between beads rather
than potential energies.) Pairs of these single chains were
then placed with their centers of mass at various distances,
effectively creating two-chain configurations. From these
pairs of chains the potential of mean force between the
two chains was calculated as a function of the distance
between their centers of mass. The potential of mean
force was then used to calculate the second osmotic virial
coefficient.

The pivot algorithm is used to generate single chain
conformations for both hard-sphere and square-well
chains. In the pivot algorithm, one bead on a chain is
randomly selected to be the pivot point. The short end
of the chain is then rigidly rotated through a randomly
selected angle to a new position. The new conformation
is then checked for overlap. If any of the beads overlap,
the move is rejected and a new pivot point on the original
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conformation is selected for a trial rotation. If no beads
overlap, then the probability, P;—,, of accepting the move
depends on the intramolecular potentials of the initial
and final conformations in the following manner:

P_,= expE/*T oxpBVAT )

where E; and E; are the intramolecular potentials of the
initial and final conformations, respectively. This is
implemented on the computer by comparing P, with a
random number, x, between 0 and 1. If P;—., > x, then the
move is accepted and the new conformation is used for the
next attempted move; if not, the original conformation is
used again. For the hard-sphere case (athermal chains),
the move is always accepted if there is no overlap, since
P, = 1. For the square-well chains, the intramolecular
potential is the bead—bead interaction potential times the
number of pairs of beads in an attractive well. Thus, if
the new conformation has more pairs of beads in the
attractive well than the previous conformation and hence
is energetically more favorable, then the move is accepted,
since P;_o > 1. This method, which is essentially the
Metropolis algorithm, allows a chain to “back out” of high-
energy conformations by permitting energetically less
favorable moves to be accepted occasionally. In this
fashion, distinct sets of single chain conformations were
generated.

The average interaction energy between chains, U(r), is
determined using two sets of single chain conformations
in the following manner. Two chains, one from each set
of conformations, are placed at random relative orienta-
tions with their centers of mass a given distance apart.
The distance between the centers of mass of the two chains
is varied from 0 to 5 times the average radius of gyration
of the two chains (far enough apart that the two chains
do not interact) with 26 intervals between. All possible
pairs of configurations are considered. Ateachseparation
between the centers of mass, the beads on the pair of chains
are checked for overlap and, in the case of square-well
chains, for attractive intermolecular interaction. The
statistical weight of each configuration at a given separation
is calculated using the following equation:

W,(r) = exp #0/kT 2)

where W;(r) is the weighting of the two-chain configuration
i, r is the distance separating the centers of mass of the
two chains, and ¢;(r) is the potential between the two chains
in configuration i. The potential of mean force between
the chains, U(r), is then calculated as a function of the
distance of separation between the two centers of mass
using the following equation:

M
2 Wi
Ur) | =1 @
=-In
M

ET

where M is the total number of two chain configurations
used at that distance. For hard-sphere (athermal) chains,
this calculation is rather simple. If there is no overlap
between the two conformations, then the potential between
the two chains ¢;(r) = 0 and the statistical weight of the
configuration W;(r) = 1. If the two chains overlap, ¢;(r)
= o and W;(r) = 0. Thus, the average weighting used to
calculate U(r) for athermal chains is merely the fraction
of two-chain configurations that do not overlap. For the
case of square-well chains, the potential between two
nonoverlapping chains in configuration i is given by ¢;(r)
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Table 1. Number of Single Chain Conformations and

Radius of Gyration

n —-¢/kT conformations/108 (R

10 0.0 5.01 2.858 % 0.006

20 0.0 5.02 7.26 £ 0.01

25 0.0 5.025 9.74 £ 0.02

40 0.0 5.04 17.90 £ 0.06

50 0.0 18.125 23.74 £ 0.04
100 0.0 7.6 56.6 = 0.1
200 0.0 10.2 132.3x= 0.4
500 0.0 15.625 402+ 1

1000 0.0 13.0 918+ 3

50 0.15 5.0 20.89 £ 0.08
100 0.15 5.0 489+ 0.3
200 0.15 5.9 113.1£ 04
500 0.15 5.0 338+ 2

50 0.3 8.425 16.84 £ 0.08
100 0.3 16.4 36.9 £ 0.2
200 0.3 8.8 81.1%£0.9
500 0.3 10.3125 227+ 4

50 0.45 22.4 11.1+0.1
100 0.45 21.0 188+ 0.4
200 0.45 24.5 26£2
500 0.45 20.0 39504

= NY(r)e where Ng’(r) is the number of pairs of beads
(one from each chain) in the interactive well and ¢ is the
bead-bead pair potential. Again, for this case, if the chains
overlap, ¢;(r) = = and W;(r) = 0.

The pivot algorithm described above was implemented
in the following manner. The pivot algorithm was used
to determine the mean squared radius of gyration, (R;2),
and the fraction of attempted moves which were accepted.
The radius of gyration was used for two distinct purposes.
First, from examining the dependence of (Rg?) on chain
length, the ©-point (defined as the ¢ where (R;?) = n) was
determined. Second, as mentioned before, when U(r) is
calculated, the two chains are placed at a maximum
distance of 5 times the average radius of gyration of the
two chains (gince the two chains will be far enough apart
that they will not interact). The acceptance fraction was
used to determine the number of attempted moves to make
in order to obtain a given number of independent
conformations; an independent conformation is generated
after a number of accepted pivot algorithm moves equal
to the chain length.28 Once the acceptance fraction was
known, distinct sets of single chain conformations con-
taining 750 conformations for n = 50, n = 100, and n =
200 and 250 conformations for n = 500 were generated for
use in calculating U(r). For example, to generate 750
conformations of chains of 50 segments at ¢ = 0.0, which
had an acceptance fraction of 0.65, we needed to attempt
750 X 50/0.65 ~ 57 692 moves. To be on the safe side, in
this case we attempted 75 000 moves and saved every
1/100th conformation. Table 1 gives the total number of
conformations (attempted moves) for initial runs used to
determine the acceptance fraction and radius of gyration
and for runs which generated the sets of conformations
used to calculate U(r). Table 1 also shows the mean
squared radius of gyration and its standard error for each
case examined. For example, for n = 50 at ¢ = 0.0 a total
of 18.125 million moves were attempted and the resulting
conformations had a mean squared radius of gyration (R,2)
= 23.74 £ 0.04.

Two sets of single chain conformations were then used
to calculate U(r), as described earlier. Comparing each
conformation from one set with each conformation from
another set gave 62 500 (for n; = ny = 500) to 562 500 (for
n; = ny = 50) two-chain configurations. Error estimates
for the properties examined in all of these calculations
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Table 2. Number of Two-Chain Configurations Used To
Calculate U(r)

configurations/108
ny ny ~¢/kT for large r for small r atr=90
50 50 0.0 0.5625 0.5625 8.5625
50 50 0.15 0.5625 0.5625
50 50 0.3 0.25 9.5
50 50 0.45 0.25 71.5
100 100 0.0 0.5625 0.5625 8.5625
100 100 0.15 0.5625 0.5625
100 100 0.3 0.25 18.75
200 200 0.0 0.5625 0.5625 8.5625
200 200 0.15 0.5625 0.5625
200 200 0.3 0.25 1.25
500 500 0.0 0.0625 0.0625 4.0625
1000 1000 0.0 0.75
50 25 0.0 0.25 0.25
100 50 0.0 0.5625 0.5625
100 50 0.15 0.25 0.25
100 50 0.3 0.25 4.5
200 100 0.0 0.125 0.125
200 100 0.15 0.125 0.125
200 100 0.3 0.125 2.375
50 10 0.0 0.25 0.25
100 20 0.0 0.25 0.25
200 40 0.0 0.25 0.25
500 100 0.0 0.3125 0.3125
500 100 0.15 0.3125 0.3125
500 100 0.3 0.0625 4.5625

were obtained by calculating an average value for each
batch and using the standard error formula:

Ny 1/2

- Ay 4)

where s is the standard error, N}, is the number of batches,
Ap; is the average value for batch i, and Ao is the average
value over all batches. For the more attractive square-
well chains (¢ = -0.3kT and ¢ = —-0.45kT), the standard
error calculated in this manner was often quite large at
small distances of separation between the centers of mass
of the two chains. To reduce the standard error in these
cases, additional sets of conformations were generated to
provide more two-chain configurations at short distances.
For example, in the case of n; = ne = 50 at ¢ = -0.3kT a
total of 9.5 million two-chain configurations were used at
small separations to reduce the standard error of the
observations. The large standard error in these strongly
attractive cases was due to the fact that only a few high-
energy configurations contribute significantly to the
average properties. Table 2 gives the range of the number
of two-chain configurations used for large and small r for
all combinations of n, ns, and e that were examined. Table
2 also gives the number of two-chain configurations used
at r = 0 for athermal chains of the same length. These
simulations were designed to calculate U(r = 0) to a high
degree of accuracy for use in developing a correlation for
U(r). Note that the error bars have been omitted from all
the figures unless they were larger than the symbols
representing the data. The standard error was calculated
for all of the data shown in the figures. The results of our
computer simulations are presented in the next section.

3. Results

The results obtained from our computer simulations
for the radius of gyration, R, of both single chains and
pairs of chains, the potential of mean force, U(r), between
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Figure 1. Radius of gyration of single chains vs chain length:
(O) athermal, (00) e =-0.15k T, (¢0) e = -0.32T,and (&) e = ~0.45kT.
Lines are linear fits to data for each e.

two chains, and the second osmotic virial coefficient, B,
are presented in this section. Since the radius of gyration
is a measure of the size of a polymer chain and is often
used to scale results for different length chains, it will be
examined first.

The radius of gyration of a single chain, Ry, is calculated
by evaluating the distance of the beads along the chain
from the chain’s center of mass in the following manner

1t
Rg2 = ;;((xl - xcm)2 + (yi - ycm)2 + (zi + zcm)z) (5)

where n is the chain length; x;, y;, and z; are the coordinates
of bead 7; and x¢m, Yem, and z.y, are the coordinates of the
chain’s center of mass. Figure 1 shows the mean squared
radius of gyration, (Rg?), versus n on a log-log scale for
square-well depths ¢ = 0.0, -0.15k T, 0.3k T, and —0.45k T..
The number of conformations used for each point is given
in Table 1, along with the actual values for (Rg?) and their
standard error. The lines on the figure are linear fits to
the simulation data at each e. For any given ¢, In (R;2?)
has a linear dependence on In n, i.e. In (Rg?) = a ln n,
where a is the slope of the line. Asseen in the figure, the
slope decreases as the well depth increases. The 6-point
is the temperature (or ¢) at which (R,2?) depends linearly
on n, i.e. when the slope of the line in Figure 1 is unity.
Interpolating between the slopes of the lines on the figure,
itis found that the ©-point (a = 1) is at g = —0.32k T This
result agrees with other simulations for short (n < 16)
off-lattice chains done by our group?’ using the same model.
Comparison of 8-point results to lattice chain results is
not particularly useful. Forlattice chains, the coordination
number of the lattice determines the ©-point.6 For off-
lattice chains, the well width (A = 0.5 for our simulations)
would determine the O-point. As the well width is
increased, the bead-bead attraction at the ©-point will
decrease (eg will move closer to zero).

The radius of gyration can be used to determine how
the size and shape of two chains change as a function of
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Figure 2. Radius of gyration for interacting athermal chains (n
= 50) vs distance between the centers of mass: (0) (R;2)'/2, (O)
component perpendicular to axis between centers of mass, and
(¢) component parallel to axis between centers of mass.

the distance of separation between their centers of mass.
The size is measured by the chain’s radius of gyration, R;,
while the shape is measured by determining the compo-
nents of R, perpendicular and parallel to the axis between
the centers of mass. Figure 2showsthe root meansquared
radius of gyration ((Rz?)!/2) for athermal chains along with
its perpendicular and parallel components as a function
of the distance of separation for like polymers (n = 50).
The changes in these properties with the distance of
separation is determined by calculating the weighted
average (using the configurational statistical weight
described earlier in eq 2) of the single chain properties.
The radius of gyration is normalized by the average single
chain radius of gyration, while the perpendicular and
parallel components are normalized by their values at an
infinite distance of separation. From the figure, it can
easily be seen that as the chains are brought closer, the
average size of the chains decreases slightly but that the
shape of the chains changes dramatically. The chains
become compressed along the axis between the centers of
mass and expanded perpendicular to the axis as the chains
try to avoid interfering with each other. As the chains
move even closer together, the size increases dramatically,
since larger chains are more spread out and have more
open space to accommodate the beads of the other chain.
Finally, when the centers of mass coincide, the normalized
properties all have the same value, indicating that there
is no longer any difference between perpendicular and
parallel components. These results are consistent with
those reported by Olaj et al.45 for lattice chains. Later we
will see that knowledge of the changes in the chains’ shape
and size with interchain separation is critical in under-
standing our potential of mean force results.

The potential of mean force, U(r), between two chains
is calculated as described in the previous section. Figure
3 shows a plot of U(r) versus the distance between the
centers of mass of the two chains for athermal (hard-
sphere) chains of the same length n = 50, 100, 200, and
500. The distance is normalized by the root mean squared
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Figure 3. U(r) for athermal chains of the same length: (0) n
=50, (O) n = 100, (¢) n = 200, and (A) n = 500.

radius of gyration of the free single polymer chains. There
isno attractive potential between the chains. Asthe chains
are brought together, there is a repulsion but the repulsion
does not go to infinity even when the chain centers of
mass coincide. This is because the chains are able to
penetrate each other at short distances of separation. As
we saw in Figure 2, chains become compressed parallel to
the axis between the centers of mass and expanded
perpendicular to it, and as the centers of mass begin to
coincide, the chains expand in all directions to accom-
modate each other. This mutual accommodation of chains
shows why U(r) decreases with increasing chain length.
Longer chains are able to spread out further from their
centers of mass, thus being more penetrable. Again, it
should be noted that this result is in contrast to the Flory-
Krigbaum theory,® which says that U(r) increases with
increasing chain length. However, our results agree with
the previous findings of Grosberg et al.” and seem
reasonable considering how the size and shape of the two
chains change as they are brought close together, Com-
paring our results on U(r) to results on G(r) = exp-Y® by
both Olaj and Lantschbauer? for n = 50 and Grosberg et
al.7 for 30 < n < 100 shows that the resulting curves are
essentially the same.

Figure 4 shows U(r) between an athermal chain of length
n1 = 100 and chains of length ny = 50, 100, 200, and 500.
The distance is normalized by the root average mean
squared radius of gyration of the two free single polymer
chains, [((Rg%) + (Ry2?))/2]1V/2. Tt can be seen that when
the chains are of different lengths, U(r) is smaller than
when the chains are of the same length. Further,
comparison of Figures 3 and 4 shows that U(r) decreases
as the difference in length becomes larger. That is, the
U(r) curve for the n; = 100, n; = 50 case in Figure 4 is only
slightly below that of the n; = ny; = 100 case in Figure 3
(which is repeated in Figure 4). Likewise, although the
ny = 100, ng = 200 case in Figure 4 is slightly lower than
the n; = np = 200 case in Figure 3, the n; = 100, ny = 500
case in Figure 4 is much lower than the ny = no = 500 case
in Figure 3. Again, this is the result of the chains being
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Figure 4. U(r) for athermal chains of different lengths with n,
=100: (Q) ny =50, (O) ny = 100, (¢) ny = 200, and (A) ny = 500.
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Figure5. U(r) for chains of length n = 50 for varying well depth

e (O) athermal, (0) ¢ = —0.15kT, (¢) ¢ = ~0.3kT, and (&) ¢ =
~0.45kT.

better able to penetrate one another when one of them is
smaller. If the chains are of the same length (size), then
they take up the same amount of space and are thus hard
to fit together at small distances. However, if the chains
are of different sizes, then it becomes easier to fit the
smaller chain inside the larger chain as the centers of mass
get closer.

Figure 5 shows U(r) for chains of the same length (n =
50) with bead-bead interaction potentials of ¢ = 0.0,
-0.156&kT, —0.3kT, and -0.45&kT. The standard error is
significantly larger than the symbol size only for the ¢ =
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—0.45kT case. It can be seen that U(r) decreases as ¢
decreases. This is expected; as the attraction between
beads becomes greater, the chains can be brought close
together more easily. As ¢ decreases to —0.3kT, the
repulsion between chains at short distances decreases and
there is even a slight attraction at longer distances. This
is the same behavior noticed by Olaj and Pelinka® for lattice
chains near the ©-point. Finally,ate=-0.45&T,the chains
are strongly attracted to each other, as evidenced by the
negative potential between chains at all distances. The
large standard error and nonsmoothness of the ¢ = ~0,45& T
curve are due tothe fact that at smail distances the fraction
of two-chain configurations that do not overlap is very
small and the ones that do not overlap are very high energy
configurations. Thus, even though over 70 million con-
figurations have been examined for the small separations,
the U(r) values shown are not particularly accurate. The
U(r) results are in keeping with the idea of good and bad
solvents, which can be defined in terms of the ©-point.
Since the 9-point is —0.32k T, good solvents are those for
which ¢ > —0.32kT and bad solvents are those for which
€ <—0.32kT. (Note that although our simulations do not
include solvent molecules, their interaction with the
polymer chains is effectively accounted for by changing
the well depth, e. In our model, the polymer-solvent and
solvent—solvent interactions are both taken to be zero and
the polymer chains are assumed to be surrounded by
solvent molecules. Thus, ¢ can be viewed as the polymer—
polymer potential meodified by polymer—solvent and
solvent-solvent interactions. In essence, changing the
solvent would change ¢ for a given polymer.) In good
solvents (¢ = 0.0 and —0.15kT), polymers prefer to be
surrounded by solvent molecules and will repel each other.
In ©-solvents, polymers will repel each other at short
distances but attract each other at longer distances, as
evidenced by the near 6-solvent (¢ = -0.3&T) data. Inbad
solvents (¢ = —0.45kT), polymers prefer to be surrounded
by other polymers. This is evidenced by both the collapse
of the single polymer chains, as seen in Figure 1, and the
attractive wellin U(r) between two chains. The same trend
is seen in longer chains.

Figures 6 and 7 show U(r) for chains of length n; = n,
= 100 and n; = ngy = 200, respectively, for ¢ = 0.0,~0.15& T,
and—0.3kT. Once again the standard error is given by the
error bars. Thesame trends that were described for Figure
5 are also seen in Figures 6 and 7. U(r) decreases as ¢
decreases. Thus, it is easier to bring the chains close
together when the beads attract each other.

Figures8 and 9show U(r) at e =-0.15kTand ¢ = 0.3k T,
respectively, for chains of length n = 50, 100, and 200. The
standard error is given by the error bars. As is seen in
Figure 3 for athermal chains, U(r) decreases as n increases
in Figure 8 (¢ = —0.15kT). Once again, this is due to the
fact that larger chains have more open space and can more
easily penetrate each other. However, in Figure 9 there
is very little difference among the curves. The U(r) curves
for n = 100 and 200 are nearly identical while that for n
= 50 is slightly higher at short distances. This is not
unusual, as we are close to the O-point (¢g = —0.32kT) and
we would expect the curves to converge.

Figure 10 shows U(r) between a chain of length n; = 100
and chains of length ny; = 50, 100, 200, and 500 at ¢ =
—0.15kT. The distance is normalized by the root average
mean squared radius of gyration of the two chains, [((Rn?)
+ (Rg?))/2]11/2. As was shown in Figure 4 for athermal
chains, Figure 10 shows that for chains of different lengths,
but with the same attractive interaction, U(r) is smaller
than when the chains are of the same length. Again, this



Macromolecules, Vol. 27, No. 19, 1994

U(r)/kT

_0.5 [ L L
0.0 1.0 2.0 3.0

2 12
r'<R e

Figure 6. U(r) for chains of length n = 100 for varying well
depth ¢ (O) athermal, (O) ¢ = -0.15kT, and (¢) ¢ = 0.3k T.
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Figure 7. U(r) for chains of length n = 200 for varying well
depth e (O) athermal, (O) ¢ = ~0.15kT, and (¢) ¢ = -0.3kT.

is the result of the chains being better able to penetrate
each other when one of the chains is smaller. The U(r)
curves in Figure 10 can also be seen to fall below those
shown in Figure 4 for athermal chains. Asisseenfor chains
of the same length in Figures 5 and 6, the attraction
between beads of the chains enables them to be brought
close together more easily.

Figure 11 shows U(r) between a chain of length n; = 100
and chains of length ns = 50, 100, 200, and 500 at ¢ =
-0.3kT. Again the distance is normalized by the root
average mean squared radius of gyration of the two chains
(described previously for Figure 10) and the standard error
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Figure 8. U(r) for chains of the same length with ¢ = —0.15kT"
(©) n =50, (Q) n = 100, and (¢) n = 200.
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Figure 9. U(r) for chains of the same length with ¢ = -0.3kT:
(©) n =50, (O) n = 100, and (¢) n = 200.

is given. Comparing Figures 10 and 11 shows that U(r)
for unlike chains at e = —0.3kT'is lower than at e = —0.15k T..
Again, the greater the interaction between beads of the
chains, the easier it is to bring the chains close together.
In addition, as seen in Figure 9 for chains of the same
length at e = -0.3k T, the curves in Figure 11 also converge
due to the fact that the 0-point (e¢ = ~0.32kT) is being
approached. However, in this case there is a competing
effect which keeps the curves somewhat separate. When
the chains are of different sizes, U(r) is smaller than when
the chains are of the same size. It appears as though the
ratio of the sizes has an effect on the values of U(r) since
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Figure 10. U(r) for chains of different lengths with n,; = 100 and
e = -0.15RT: (O) ny = 50, (O) np = 100, (¢) no = 200, and (A)
ny = 500.
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Figure 11. U(r) for chains of different lengths with n; = 100 and

e = —0.3kT: (O) ng = 50, (O) np = 100, (0) ny = 200, and (A) n,
= 500.

the curves for ng = 50 and 200 (both with a long chain to
short chain ratio of 2:1) are quite close to each other while
that for ny = 500 (5:1) is significantly lower. This suggests
that near the 0-point, U(r) curves for chains of different
lengths but the same ratio between the lengths of the chains
will be nearly identical.

The potential of mean force can be used to calculate the
second osmotic virial coefficient. The virial expansion
can be written as
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P/pkT =1+ Byp + Byp* + ... (6)

where P is the osmotic pressure, p is the molecular density
of the polymer, k is Boltzmann’s constant, T is tempera-
ture, and By and Bj are the second and third osmotic virial
coefficients, respectively. The second osmotic virial
coefficient, Bs, can be calculated from!!

=1 ~U/RT-Up/kT(q _
B,= Qfexp 1 T
exp™2"9/AT) dr., dQ, dfy/ fexp U/AT-UNAT dg, dg, (7)

where U, and Uy are the intramolecular potentials of the
two single polymer chains, Uja(r1s) is the intermolecular
potential between the two chains, the integrals over dQ;
and dQ, account for all internal degrees of freedom of the
two polymers, and the integral over dr;; is over all
separations between the chains’ centers of mass. The
integration over dQ; and dQ; and the Boltzmann factors
associated with the intramolecular potentials are taken
into account in the generation of conformations in the
pivot algorithm. Thus, with the substitution dr;; =
4mri92drys, the equation for B, reduces to

B, = 2r §"r (1 - exp Unr/ATy g ®)

Since the potential of mean force U(r) = Ura(r12), B can
be calculated simply by numerical integration using U(r)
from the computer simulations presented earlier (Figures
3-11). Calculated second osmotic virial coefficients and
the standard error for all combinations of ny, ng, and ¢
examined are shown in Table 3. For example, forn; =n,
= 100 at ¢ = 0.0 the second osmotic virial coefficient B
= 3026.6 = 4.3. It should be pointed out that the values
for B; given in this paper are all normalized by the bead
diameter cubed, d3, to account for the distance scale used
(i.e. bead diameter is unity). Theresults are also presented
in graphic format in Figures 12-14, which are described
in the following paragraphs.

Figure 12 shows the dependence of the second osmotic
virial coefficient, Bo/n?, on chain length, n, for athermal
chains. For large n, one expects the second osmotic virial
coefficient to have a power law dependence on n of the
following form

By/n*« (n-1)7" 9)

where v is the scaling exponent.1? A straight line fit to the
In(Bs/n?) versus In(n — 1) data shown in Figure 12 gives
avalue of y = 0.272 £ 0.005. For lattice chains, Bellemans
and Janssens!” report v = 0.278 + 0.005 for n < 40 and
Olaj and Lantschbauer report v = 0.33 for 50 < n < 400.
Of greater relevance to this work are the off-lattice
simulation results of Yethiraj et al.28 who report values of
v between 0.293 and 0.337, depending on what length
chains are used. Specifically, they report v = 0.337 £
0.007for4 £n <128,y =0.313+0.006 for 12 <n <128,
v = 0.299 % 0.006 for 24 < n < 128, and v = 0.293 £ 0.006
for 32 < n < 128. Since our simulations dealt with 50 <
n < 500, our result of v = 0.272 seems to fall in line with
these values for shorter chains. Yethiraj et al. also
extrapolate their data to obtain a limiting value of the
scaling exponent as n — = of v = 0.25 + 0.02. Our result
of v = 0.272 falls between this limiting value and the value
for their longer chains.

Figure 13 shows the second osmotic virial coefficient
for square-well chains of the same length n as a function
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Table 3. Second Virial Coefficients

second virial
ny ne -¢/kT coeff, By/d3
50 50 0.0 926.5 £ 0.8
50 50 0.15 662.2 £ 0.8
50 50 0.3 174+ 4
50 50 0.45 -1730 @ 60
100 100 0.0 3027 £ 4
100 100 0.15 220122
100 100 0.3 650 £ 20
200 200 0.0 997748
200 200 0.15 7206 £ 7
200 200 0.3 2470 @ 90
500 500 0.0 49300 & 100
50 25 0.0 525.7x 0.5
100 50 0.0 1706 £ 1
100 50 0.156 1224 £ 2
100 50 0.3 3369
200 100 0.0 5520 @10
200 100 0.15 406529
200 100 0.3 1270 = 50
50 10 0.0 261.5%0.3
100 20 0.0 8401
200 40 0.0 2723+ 4
500 100 0.0 13140 @ 40
500 100 0.15 9590 x 50
500 100 0.3 3000 & 300
0.8 . .
1.0 - ]
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Figure 12. Second osmotic virial coefficient scaling analysis for
athermal chains of the same length. The line is the linear fit to
the data with the slope -0.272 % 0.005.

of the bead-bead interaction potentiale. From this figure,
we can find the 6-point of the system, which is defined as
the point at which the second osmotic virial coefficient is
zero. At this point the attractive and repulsive forces (as
evidenced by the attractive well and repulsive core in the
U(r) curves shown previously) can be said to exactly
balance each other. From Figure 13 it can be seen that
the ©-point lies at about ¢g = ~0.32& T for all chain lengths.
This result agrees with the result, eg = —0.325k T, obtained
by Wichert and Hall?’ for short (n < 16) off-lattice chains.
Comparing to lattice chains, this result is quite a bit below
the 0-point of ¢g = —0.262kT reported by Janssens and
Bellemans.!® Clearly, one would not expect the same
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Figure 13. Second osmotic virial coefficient vs —¢/k T for chains
of the same length: (0) n = 50, (O) n = 100, and (¢) n = 200.
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Figure 14. Second osmotic virial coefficient vs —¢/kT for chains

of different lengths with n; = 100: (0) ny = 50, (22) n, = 100, (¢)
ny = 200, and (a) ny = 500.

O-point for off-lattice and lattice chains since the models
are quite different.

Figure 14 shows the second osmotic virial coefficient
for a square-well chain of length n; = 100 with square-well
chains of length ny = 50, 100, 200, and 500 as a function
of e. In this figure, the same trend shown in Figure 13 is
seen regarding the 6-point, which may be defined as the
¢ where Bs = 0. The second osmotic virial coefficients
appear to be converging at a ©-point of ¢ = —-0.32kT.
Additional comparison of Figures 13 and 14 shows that
the second osmotic virial coefficient for chains of different
lengths lies between the values for chains of the same length
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(i.e. By for n; = 100, ny = 50 in Figure 14 is between the
Bs values for n; = ng = 100 and n; = ny = 50 in Figure 13).
Clearly, this is the expected result.

4. Correlating the Results for U(r)

As stated previously, the primary goal of this research
is to develop functional forms for the potential of mean
force between polymer molecules in dilute solution. The
Flory-Krigbaum?® potential, Urk(r), between two polymers
of equal length can be written

UFK(r)_ 2Vseg 3 5/
P AL 4r(RY) -2ox
3 r )
exp(—— (10)
4(RD)

solv
where n is the chain length, Vi is the volume of a polymer
segment, Vg is the volume of a solvent molecule, (Rg?)
is the mean squared radius of gyration, r is the distance
between the centers of mass of the two chains, and x is
given by

X = -k%"[eps - %(epp + ess)] an

with z equal to the coordination number, ¢, equal to the
polymer-solvent potential, ¢, equal to the polymer-
polymer potential, and ¢ equal to the solvent-solvent
potential. For our square-well model, the solvent-solvent
and polymer-solvent interactions are both zero, i.e., ¢ =
€ps = 0, and the polymer—polymer potential is equal to our
square-well potential, ¢;, = ¢, reducing the x term to

Ze 12)

= €
X kT

Do

with € equal to the square-well potential. (Note that ¢ is
negative for attractive interaction, making x positive for
attraction.) Unfortunately, the Flory-Krigbaum potential
has two drawbacks, which have been previously noted,367
that prevent us from using it to correlate our simulation
data. First,sinceitonly hasone exponential term, it cannot
contain both an attractive well and a repulsive core such
as is seen in the simulation data for U(r) at e = —0.3kT.
This problem can be alleviated by the addition of other
exponential terms such as those of Czech and Hall'* which
allow U(r) curves to have both positive and negative
regions. Their equation for U(r) truncated after the first
two terms is

Uc() _ « n’ ( 3 r )
=—(1-2)—>;exp| -5 —5- ] +
Y (Rg2>3/22 3 1RY 2
[24 n r
e —— e axpl — (13)
33/2 (Rg2>3 p( (Rg2>)

with a = (3/27)3/2V (where V = #/6, the excluded volume
of a polymer segment or solvent molecule). With this form,
Ucu(r) can have positive and negative regions when one
exponential term is positive and the other is negative. The
second drawback is that the Flory-Krighaum potential
predicts that, at any given separation, U(r) increases with
chain length; this is in contrast to the simulation results
shown in Figures 3 and 8 and to those of Grosberg et al.”
which show that U(r) decreases with increasing chain
length. This problem cannot be alleviated by theoretical
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treatments that merely add additional terms to the Flory-
Krigbaum potential (as was done in the paper by Czech
and Hall).

Although the Flory-Krigbaum and Czech and Hall
models have severe limitations, we can nevertheless borrow
some of the ideas contained therein in fitting (or cor-
relating) our data. We do find that an equation of the

form
U ( 3 ) ( r? )
—==Aexp| -~ + Bexp| - (14)
kT p 4(R ) p (R.%)

2
g g

can fit our data sets for chains of all lengths quite well.
The two exponential terms preserve the basic form of the
theoretical equations and the coefficients A and B are
found to be functions of n and e. In addition, the A
coefficient can include a x-like term which makes it
resemble the theoretical equations even more closely. Olaj
et al.51518 also use two exponential terms, one each for
attractive and repulsive interactions between chains, to
model U(r); however, they take a somewhat different
approach by concentrating on U(r) at the 6-point. Thus,
at least the basic form of the theoretical equations are
used in our correlation.

In developing a model that can adequately fit our
simulation data on U(r) for chains of the same length, we
would like to have a general equation for U(r) that depends
only on the chain length, n, and the bead-bead square-
well potential, e. For chains of the same length, the two
coefficients A and B in the equation above can be fit to
the following forms:

A=[1-z(-/kDla + bn° + d(-¢/kT)¢]  (15)
B = fnf + h(-¢/RT) (16)

The values of A and B for any given n and ¢ were
determined by a two-parameter fit over all separations, r,
of eq 14 to the U(r) data on chains of the same length
presented earlier. The parameters a — i and z can all be
obtained by fitting values of A and B from simulation
data to the forms given in eqs 15 and 16. Athermal data
on chains of all equal lengths and square-well data on
chains of the same length n = 50 can be used to determine
the values of the parameters in the following manner. For
athermal chains, ¢ = 0.0, the coefficients A and B reduce
to

Aathermal =a+bnf (17)

Batherma.l = fng (18)

Fitting the values of A and B for the athermal simulation
data shown earlier in Figure 3 to these forms gives values
for the parameters a, b, ¢, f, and g. Once the athermal
forms of A and B have been determined, the chain length
is held constant at n = 50 to determine how A and B
depend on ¢. For square-well chains of length n = 50 the
result is

An=50 = [1-z(-¢/kT)] [Aathermal,n=50 + d(-¢/kT)°] =
[1-2(-¢/kT)][2.563 + d(—¢/ET)?] (19)

Bthermain=so + R(—¢/RT) = 0.3224 + h(-¢/kT) (20)

Fitting the values of A and B to the square-well simulation
data for n = 50 shown earlier in Figure 5 gives values for
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Figure 15. U(r) correlation for athermal chains of the same
length: (solid line, ©) n = 50, (dotted line, ) n = 100, (dashed
line, ¢) n = 200, and (dot-dashed line, A) n = 500. Lines are the
correlation and points are the simulation data.

the parameters 2, d, ¢, h, and i. The final correlation for
the parameters A and B associated with the expression in
eq 14 for the potential of mean force between two polymers
of equal size is

A=[1-3.43(-¢/kT]{1.38 + 21.4n7"™ + 117(-¢/kT)*3]
(21)

B = 0.116n"%! + 421(~¢/kD*™ (22)

Although this correlation is developed using only part of
our simulation data, it does a reasonable job of fitting all
of our data for chains of the same length.

Figure 15 shows how well the athermal version of the
U(r) correlation (eqs 14, 21, and 22) fits the simulation
data for U(r) versus r shown previously in Figure 3. The
lines show the correlation calculations for the given n and
¢, while the points are the simulation data. It can be seen
that the model fits the data extremely well for n = 50, 100,
and 200 over the whole range of seqarations and is only
slightly high for n = 500 at very short distances of
separation. Since the athermal data were used to fit the
parameters of the correlation coefficients A and B, the
good fits of the correlation to the data are not surprising.

Figure 16 shows how well the correlation fits the U(r)
simulation data for square-well chains of length n = 50
shown earlier in Figure 5. Again, the lines show the
correlation calculations and the points are the simulation
data. The correlation fits very well for e = 0.0 and —0.3kT
over the whole range of separations. For the e = -0.15&T
case, the correlated value of U(r) is a bit below the
simulation data at short distances. Again, these fits are
not surprising as the data for square-well chains of length
n = 50 were used in fitting the correlation coefficients A
and B. Interestingly, the correlation does a reasonable
job for ¢ = -0.45kT even though the data are not
particularly good.
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Figure 16. U(r) correlation for chains of length n = 50 for varying
welldepthe: (solidline, O) athermal, (dotted line, ) e =—0,15k T,
(dashed line, ¢) e = 0.3k T, and (dot-dashed line, A) e = —0.45k T
Lines are the correlation and points are the simulation data.
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Figure 17. U(r) correlation for chains of length n = 100 for
varying well depth e (solid line, O) athermal, (dotted line, O0) ¢
= —~0.15kT, and (dashed line, ¢) ¢ = -0.3kT. Lines are the
correlation and points are the simulation data.

Figures 17 and 18 show how the correlation for U(r) fits
the simulation data for square-well chains of length n =
100 (from Figure 6) and n = 200 (from Figure 7),
respectively. Since the correlation was developed using
only athermal data for both of these chain lengths, the
real test of its usefulness isto see how well it fits the square-
well simulation data for n = 100 and » = 200. In Figure
17 for n = 100 it can be seen that the correlation fits the
¢ = —0.15kT data quite well, being only slightly low at
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Figure 18. U(r) correlation for chains of length n = 200 for
varying well depth e (solid line, O) athermal, (dotted line, O) ¢
= -0.15kT, and (dashed line, ¢) ¢ = —0.3kT. Lines are the
correlation and points are the simulation data.

short distances of separation. The U(r) correlation for n
=100, e = ~0.3k T lies above the simulation data but is still
fairly good. For the n = 200 data shown in Figure 18, the
correlation fits the ¢ = ~0.15k T almost exactly, but as was
the case for n = 100, the correlation for ¢ = -0.3kT is
higher than the simulation data.

For chains with a length ratio of 2:1 (e.g. ny = 100, ng
= 50), an analysis similar to the one described above can
be employed. Again using the form of U(r) givenineq 14,
the coefficients A and B can be fit to the following forms:

A =[1-2(-¢kDlla + b /nn,)° + d-e/k]  (23)
B =j+ f(x/nn)f + hi-¢/kT) (24)

It can be seen that the only differences between these
forms for A and B and those given in eqs 15 and 16 are

the substitution of 4 /n,n, for n and the addition of a
constant, j, to the B term. Unfortunately, this U(r)
correlation for chains with a 2:1 length ratio does not reduce
to the U(r) correlation for chains of the same length when
ni = ng, so the values of the parameters a - j and z must
beredetermined. Whenthe method given earlier for chains
of the same length was followed, A and B were determined
by fitting eq 14 to U(r) curves for chains with a 2:1 length
ratio. The A and Bvalues for athermal chains and square-
well chains of length n; = 100, ny = 50 were fit to the forms
given in eqs 23 and 24 to obtain values for the parameters
a — j. It should be noted here that the value of the
parameter z was taken to be 3.43 (the value determined
for chains of the same length) because it is essentially a
“coordination number” for the model and should not
depend on the ratio of chain lengths. The final correlation
for the coefficients A and B associated with eq 14 for the
potential of mean force between chains with a 2:1 length
ratio is
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A = [1-343(-¢/kT)]1[1.42 + 33.1(/nyny) 7 +
281(-¢/kT)>%] (25)

B =0.599 + 117(x/n,n,) """ + 26.9(-¢/RT)**! (26)

This correlation does a good job of fitting our simulation
data for chains with a 2:1 length ratio.

Figures 19-21 show how the U(r) correlations described
above fit our simulation data for chains with a 2:1 length
ratio. Figure 19 shows how well the correlation in eqs 14,
25, and 26 fits our simulation data on U(r) for athermal
chains of lengths n; = 50, ny = 25; n; = 100, ny = 50; and
ny = 200, ny = 100. Figure 20 shows how well this
correlation fits our simulation data on U(r) for square-
well chains of length n, = 100, ny = 50. Figure 21 shows
how well the correlation fits our simulation data on U(r)
for square-well chains of length ny = 200, ns = 100. It can
be seen from all of these figures that the correlation for
chains with a 2:1length ratio does an excellent job of fitting
our U(r) simulation data.

For chains with a length ratio of 5:1 (e.g. ny = 500, ny
=100), an analysis similar to the one described above fails
due to the fact that the A and B values found by fitting
eq 14 to the simulation data cannot be reproduced by
equations with the same form as eqs 23 and 24. In
particular, the A and B values for the square-well
simulation data at n; = 500, no = 100 do not follow the
same pattern that was noticed for chains of the same length
or for chains with a 2:1 length ratio (i.e. the A and B values
for 5:1 square-well chains did not uniformly increase or
decrease as functions of ¢). For athermal chains witha 5:1
length ratio, the values of A and B can be fit by equations
with the form of eqs 17 and 18 if we replace n with

\/nn, and determine new values for the parameters g,
b, ¢, f, and g. For square-well chains with a length ratio
of 5:1, the values of A and B can be fit by equations with
the form of eqs 19 and 20 if we change the values of A and
B (keeping A + B constant) such that they uniformly
increase or decrease as functions of ¢ and use the previously
determined value of z. Postulating the A and B values for
square-well chains in this manner allows the following
correlation for chains with a 5:1 length ratio to be
determined.

A = [1-3.43(-¢/kT)1[-0.529 + 4.91(x /n;ny) ¥ +
0.326(-¢/kT)*®'] (27)

B = 0.0907(x,/nny) 41 + 0.443(-¢/k T)*%2  (28)

Again, it should be noted that this correlation is not the
same as either the correlation for chains with a 2:1 length
ratio or the correlation for chains of the same length.
Although this correlation was not derived from actual A
and B fits to the simulation data for square-well chains,
the correlation still does a reasonable job of fitting our
simulation data for chains with a 5:1 length ratio.
Figures 22 and 23 show how the U(r) correlation in eqs
14, 27, and 28 fits our simulation data for chains with a
5:11ength ratio. Figure 22 shows how well the correlation
fits our simulation data on U(r) for athermal chains of
lengths ny = 50, ny = 10; n; = 100, ny = 20; n; = 200, ny
= 40; and n; = 500, nz = 100. One would expect a good
fit of the correlation to athermal data since the actual
values of A and B for athermal chains were used in
developing the correlation. Figure 23 shows how well the
correlation fits our simulation data on U(r) for square-



Macromolecules, Vol. 27, No. 19, 1994
3.0

2.0

U(rykT

1.0

0.0 : '
0.0 1.0 2.0 3.0

r/<|‘izﬂ>"2
Figure 19. U(r) correlation for athermal chains with a 2:1 ratio
of lengths: (solid line, O) n; = 50, ny, = 25; (dotted line, O) n; =
100, ny = 50; and (dashed line, ¢) n; = 200, ny = 100. Lines are
the correlation and points are the simulation data.
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Figure 20. U(r) correlation for chains of length n; = 100, n, =
50 for varying well depth e (solid line, O) athermal, (dotted line,
0) ¢ = -0.15kT, and (dashed line, ¢) ¢ = -0.3kT. Lines are the
correlation and points are the simulation data.

well chains of length n; = 500, ng = 100. The good fit
between the correlation and the square-well simulation
data is surprising considering that the best-fit A and B
values to eq 14 for the square-well chains were changed
so that they would uniformly increase or decrease with e.
It can be seen from the figures that the correlation for
chains with a 5:1 length ratio does a reasonably good job
of fitting our U(r) simulation data.
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Figure 21. U(r) correlation for chains of length n, = 200, n, =

100 for varying well depth e (solid line, O) athermal, (dotted

line, O) ¢ = —0.15k T, and (dashed line, ¢) ¢ = —0.3kT. Lines are
the correlation and points are the simulation data.
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Figure 22. U(r) correlation for athermal chains with a 5:1 ratio
of lengths: (solid line, O) n; = 50, n; = 10; (dotted line, O) n; =
100, ny = 20; (dashed line, ¢) n; = 200, n; = 40; and (dot-dashed
line, &), n; = 500, n; = 100. Lines are the correlation and points
are the simulation data.

The basic form of a correlation for U(r) is given by eqs
14-16. For each length ratio studied (1:1, 2:1, and 5:1),
the values of the parameters used to calculate A and B
were determined. For chains with a length ratio of 1:1,
eqs 21 and 22 are the correlations for A and B. For chains
with alength ratio of 2:1, eqs 25 and 26 are the correlations
for A and B. For chains with a length ratio of 5:1, eqs 27
and 28 are the correlations for A and B. Although the
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Figure 23. U(r) correlation for chains of length n, = 500, ny =
100 for varying well depth e (solid line, ©O) athermal, (dotted
line, O) € = —0.15k T, and (dashed line, ¢) ¢ = ~0.3kT. Lines are
the correlation and points are the simulation data.

correlations for chains of different lengths do not reduce
to the correlation for chains of the same length when n;
= ng, the fact that correlations with the same basic form
can fit all of our simulation data lends some hope that a
truly general correlation for U(r) can eventually be
developed. Overall, the individual correlations seem to
do quite a good job of fitting all of our simulation data.

5. Conclusion

In the work presented in this paper, polymers were
modeled by off-lattice chains of tangent hard spheres of
length n = 50, 100, 200, and 500 for both the athermal case
(¢ = 0.0) and the case where the beads of the chain have
attractive potentials. The attractive potential was mod-
eled as a square-well potential with well depth e =-0.15& T,
-0.3kT, and —0.45k T and well width A = 0.5. Single chain
conformations were generated using the pivot algorithm.
Two sets of single chain conformations were used to create
two-chain configurations which were used to examine the
interaction between chains.

The radius of gyration, the potential of mean force
between two chains, and the second osmotic virial coef-
ficient were all examined. The radius of gyration of single
chains was used to find the ©-point, which can be defined
as the ¢ where Rg2 « n, at ¢g = —0.32kT. Results for the
potential of mean force, U(r), between chains of the same
length showed that for a given bead-bead potential U(r)
decreases with increasing chain length. Although this is
contrary to the Flory~Krigbaum theory? prediction, it is
in agreement with the findings of Grosberg et al.” U(r)
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between chains of a given length was also seen to decrease
as ¢ decreased. For chains of different lengths, U(r) was
lower than for chains of the same length. In addition, as
the difference in the length of the chains increased, the
difference between U(r) for chains of different lengths
and chains of the same length increased. The U(r) curves
for both same and different length chains converged near
the ©-point. Scaling analysis of the second osmotic virial
coefficient for athermal chains gave a scaling exponent of
v=0.272+0.005. Thisresult fallsin well with the findings
of Yethiraj et al.? Examination of the second osmotic
virial coefficient for square-well chains gave a 9-point,
which can be defined as the e where B, =0, at eg = ~0.32k T..
This is the same 6-point found for single chains and is in
agreement with the findings of Wichert and Hall.?” A
correlation for U(r) which does a reasonable job of fitting
all of our simulation data was also presented.
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